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Abstract 

By using a class of 'anyon like' representations of permutation algebra, which pick up 
nontrivial phase factors while interchanging the spins of two lattice sites, we construct 
some integrable variants of SU (M) Haldane-Shastry (HS) spin chain. Lax pairs and con- 
served quantities for these spin chains are also found and it is established that these models 
exhibit multi-parameter deformed or nonstandard variants of Y{glM) Yangian symmetry. 
Moreover, by projecting the eigenstates of Dunkl operators in a suitable way, we derive 
a class of exact eigenfunctions for such HS like spin chain and subsequently conjecture 
that these exact eigenfunctions would lead to the highest weight states associated with a 
multi-parameter deformed or nonstandard variant of Y{gl]\j) Yangian algebra. By using 
this conjecture, and acting descendent operator on the highest weight states associated 
with a nonstandard Y{gl2) Yangian algebra, we are able to find out the complete set of 
eigenvalues and eigenfunctions for the related HS like spin-| chain. It turns out that some 
additional energy levels, which are forbidden due to a selection rule in the case of SU (2) 
HS model, interestingly appear in the spectrum of above mentioned HS like spin chain 
having nonstandard Y{gl2) Yangian symmetry. 
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1 Introduction 



As is well known, one dimensional integrable models with long ranged interactions have 
recently found wide range of applications in diverse subjects like fractional statistics, ran- 
dom matrix theory, level statistics for disordered systems, quantum Hall effect, Yangian 
algebra, etc. [1-23]. In particular, the SU{2) Haldane-Shastry (HS) spin chain [3,4], 
along with its SU{M) as well as supersymmetric generalisations [15-18] and its deforma- 
tion through twisted boundary condition [19], provides us interesting examples of exactly 
solvable models which share many properties of an ideal gas, but with fractional statis- 
tics. Furthermore, it is found that the conserved quantities of SU{M) HS spin chain, 
represented by the Hamiltonian 

HhS = E ^ . 2 T (P^J - 1) . (1-1) 

where Pij is the permutation operator interchanging the 'spins' (taking M possible values) 
of i-th and j-th lattice sites, lead to a realisation of Y{gljyi) Yangian algebra [10]. Such 
^{q^m) Yangian symmetry of HS spin chain ( |1 . 1| ) can be revealed in an elegant way by 
treating it as the 'static limit' of dynamical spin Calogero-Sutherland (CS) model with 
Hamiltonian given by 

2fr[ \dxij L2 ^ sm j:{xi-Xj) 

where /5 is a coupling constant [11]. Moreover, by exploiting the above mentioned connec- 
tion between HS spin chain and dynamical spin CS model, it is also possible to construct 
a class of exact eigenfunctions for the spin model ( |1 . 1| ) . It turns out that this class of 
exact eigenfunctions leads to all highest weight (HW) states of Y^qIm) Yangian algebra, 
which appear in the reducible Hilbert space of HS spin chain. Consequently, by applying 
Yangian descendent operators on such HW states, one can obtain the complete set of 
eigenfunctions for the SU{M) HS spin chain. 

However, it is found recently that the permutation algebra given by 

Vfj = 1, VijVji = VaV,, = VjiVu , [V^,,ViJ\ = 0, (1.3) 



(i, j, I, m being all different indices), admits a class of 'anyon like' representations {Pij) 
which depend on some discrete as well as continuous parameters and act on the spin space 
associated with CS model as [24] 

Pij\aia2- ■ ■ at- ■ ■ aj ■ ■ ■ Un) = e**^"""'+''"''"^^ |q;iQ;2 ■ ■ ■ ■ ■ ■ a, ■ ■ ■ Oat) , (1.4) 

where G [1, 2, ■ ■ ■ , M] and the real phase factor $(aj, Oj+i, ■ ■ ■ ,aj) is defined in the fol- 
lowing way. Suppose, (p^^s (a G [1, 2, ■ ■ ■ , M]) are some discrete parameters each of which 
may be chosen as or vr, and 0^o-s (7 7^ o") are continuous parameters which may take 
any real value satisfying the antisymmetry property: (p^a = —(pa-y- As a function of these 
M number of discrete parameters and M{M — l)/2 number of independent continuous 
parameters, the phase factor appearing in eqn. (|1.4| ) is defined as 

M 

T = l 

where (= I]p=i+i ^rop) denotes the number of occurrence of a particular spin orientation 
T in the configuration \ai ■ ■ ■ ai ■ ■ ■ ap ■ ■ ■ aj ■ ■ ■ on) , when the index p in ap runs from i + 1 
to j — 1. It is obvious that, the phase factor ( |1.5| ) becomes trivial for the simplest choice of 
discrete and continuous parameters given by: (j)^^ = (j)^^ = for all a, 7. Therefore, at 



this limiting case, Pij ( |1.4|) would reproduce the standard representation of permutation 



algebra (Pij) which appears in the Hamiltonians ( |l.lj ) and ( |1.2| ). However it is evident 
that, for all nontrivial choices of the parameters and (p^a, Pij (|1.4| ) would pick up 
nonvanishing phase factors ( |1.5| ) which depend on the spin configuration of {j — i + 1) 
number of particles. By using such 'anyon like' representations of permutation algebra, 
one can construct integrable variants of spin CS Hamiltonian (|1.2|) as 



2^ \dxij L2 ^ sm lix^-Xj) 

and demonstrate that this class of Hamiltonians can be solved exactly by taking appro- 
priate projections of the known eigenfunctions of Dunkl operators [24]. Interestingly, it is 
found that the eigenvalues and eigenfunctions of some spin CS Hamiltonians, belonging 
to class (|1.6|) , differ considerably from those of the standard spin CS model ( |1.2|) . It is 



also revealed that, the symmetry of Hamiltonian ( |1.6D depends crucially on the discrete 
parameters which appear in Pij ( |1.4|) , and may be given by an extended (i.e., multi- 
parameter deformed or nonstandard variant of) Y^qIm) Yangian algebra [25]. Moreover 
it turns out that the quantum R matrices, which generate the extended Y^qIm) algebras, 
coincide with the rational limit of some trigonometric R matrices appearing in the alge- 
braic Bethe ansatz of asymmetric six vertex model [26,27], its various generalisations [28] 
and Heisenberg spin chain with Dzyaloshinsky-Moriya interaction [29]. 

In analogy with the case of dynamical CS models (|1.6|) , we may now consider a novel 
class of HS like spin chains with the general form of Hamiltonian given by 

'^^s = E o...2^, - l) , (1-7) 



i<.<.<^ 2sin^f(^-j) 

where Pij is an 'anyon like' representation ( |1.4|) of permutation algebra. For the limiting 
case Pij = Pij, Tins ( |1-7|) evidently reproduces the SU{M) HS spin chain ( |1.1|) which 
respects the Y^qIm) Yangian symmetry. So, it is natural to enquire whether the spin 
model ( |1.7| ) would also respect some Yangian like symmetry for all nontrivial choices 
of continuous and discrete parameters in corresponding Pij. Furthermore, it should be 
interesting to investigate the nature of energy spectrum and eigenf unctions for the spin 
chain ( |1 . 7] ) . The aim of the present article is to shed some light on the above mentioned 
issues and also reveal an intriguing connection between some spin chains belonging to 
class ( p.. 71) and supersymmetric versions of HS spin chain. For this purpose, in sec. 2, we 
start with the Lax equations for spin chain (|1.7| ) and use these Lax equations to derive 
the related conserved quantities. Next, in sec. 3, we demonstrate that the conserved 



quantities of spin chain ( |1.7|) yield a realisation of extended Y^qIm) Yangian algebra. 
Thus it is established that, similar to case of dynamical CS model ( [1.6|) , the HS like 
spin chain ( |1.7|) also respects an extended Y{glM) Yangian symmetry. Furthermore, by 
projecting the known eigenstates of Dunkl operators in a suitable way, in sec. 4 we derive 
a class of exact eigenvalues and eigenfunctions for the Hamiltonian (|1.7| ). Subsequently, 
we conjecture that the above mentioned class of exact eigenfunctions would lead to all 
HW states of extended Y^qIm) Yangian algebra, which appear in the reducible Hilbert 
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space of HS like spin chain. So, by applying appropriate descendent operators on such 
HW states one should be able to generate the complete set of eigenfunctions for the 



Hamiltonian ( |1.7|) . In sec. 5, we attempt to verify this consequence of our conjecture by 
applying a descendent operator on the HW states associated with a nonstandard Y{gl2) 
Yangian algebra. In this way, we are able to find out the full spectrum and complete set of 
energy eigenfunctions for the related HS like spin chain with nonstandard Y{gl2) Yangian 
symmetry. In sec. 5, we also establish a relation between some spin chains, belonging to 



class (p..7|), and supersymmetric versions of HS spin chain. Sec. 6 is the concluding section. 



2 Conserved quantities of HS like spin chains 

In this section our aim is to find out the conserved quantities associated with HS like spin 
chain ( |1.7D , for all possible choice of corresponding Pij. For this purpose, it is convenient 
to briefly recall the procedure [11,18] of deriving the conserved quantities of SU{M) HS 
spin chain ( |1.1[ ) through the corresponding Lax pair. The operator valued elements of 
such Lax pair {Lhs and Mhs) are given by 

(Lhs),, = (1 - 5.,) 0^,P^, , (Mhs),, = -26,, KkP^k + 2(1- 5.,) K,P^3 , (2-1) 

where = ^If^^^j , h'^j = ^'kj^'jk and oj = . It is easy to check that these operator 
valued elements and Hamiltonian ( [L.l| ) satisfy the following Lax equations: 



HhS , {LHs)ij - ^k=l { {LHs)ik 



Hhs , X'^'^ 



where X"^ acts like on the spin space associated with i-th lattice site and leaves 

the spin spaces associated with all other sites untouched. The Lax equation (2.2c) is 
also called as 'sum-to-zero' condition [8,9] for the elements of Mhs matrix. By using 



5 



eqns.(2.2a-c), one can verify that the operators given by 

N 

Tf = E {Lis)., , (2.3) 

where n G [0, 1, ■ ■ ■ , oo] and a, P G [1, ■ ■ ■ , M] would represent the conserved quantities 
of Hamiltonian ( |1 . 1|) . 

Now, in close analogy with the previous case, we propose that the elements of Lax 
pair {Chs and A4hs) associated with the HS like spin chain ( |1.7| ) may be written as 

(Chs),, = (1 - 5.,,) e^fi, , (Mhs)., = -25r, E KkPik + 2 (1 - S,j) , (2.4a, h) 



where P.j (= Pji) is given through eqn.( |L4D . By using the permutation algebra (|1.3| ), it is 
easy to check that the Hamiltonian ( [L.7D and elements (2.4a,b) would satisfy an equation 
analogous to (2.2a): 

TV 

{Mhs).A^hs),,} . (2.5) 

k=l 

Moreover, it is obvious that the elements of Ains (2.4b) also respect the 'sum-to-zero' 
condition: ELi iMHs),k = 0. 

However, one may curiously observe that an equation of the form: 



X^fcLi {.■M.Hs)kj ' '^'^ longer satisfied except for the limiting case P^- = Pij. So, 
it is necessary to find out an appropriate generalisation of operator Xf^ which would 
satisfy a Lax equation analogous to (2.2b). To this end, we notice that the 'anyon like' 
representation ( |1.4] ) can also be expressed through the operator relation 

Pi,i+l = Qi,i+lPi,i+l, Pil = SuPl-i^lS^i ^ = " " " Qil) Pil {Q l-l,iQ l-2,i " ' ' Qi+l,i) , 

(2.6) 

where I > i + 1, Su = Pj,i+iPi+i,j+2 ■ ■ ■ P/-2,/-i and Qik, which acts like a matrix Q on the 
direct product of z-th and k-th spin spaces (but acts trivially on all other spin spaces), is 
given by 

M 

Q.;- = e"^^^ ® + E e"^"'^ ® Xj' . (2.7) 
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It should be noted that the above Q matrix contains all continuous as well as discrete 
parameters which are present in eqn.( |1.4|) . So there exists a unique correspondence be- 
tween this Q matrix and 'anyon like' representation (|1.4| ) of permutation algebra. At the 
limiting case Qik = 1, which is obtained from eqn.( |2.7] ) by choosing = (p^^ = for 
all a, 7, Pij (|2.6| ) evidently reproduces the standard representation Pij. Moreover it can 
be checked that, for any possible choice of related continuous and discrete parameters, 
the Q matrix ( |2.7| ) satisfies the following two equations: 

QikQilQkl = QklQilQik, Qik Qki = 1- (2.8) 

With the help of these two equations, one can interestingly prove that Pij ( [^.6D indeed 
gives a valid representation of permutation algebra 



By using the Q matrix ( p.7|) , we may now define a set of nonlocal operators as 

X"^ = Qi,i+iQi,i+2 ■ ■ ■ QiN X"'^ QiiQi2 ■ ■ ■ Qi,i-i , (2-9) 

which would reduce to X"^ at the limiting case Q = 1 and, therefore, might be considered 
as some generalisation of X"^. With the help of eqn. (|2.8| ), it can be shown that Xf^ ( |2.9| ) 
and Pij ( |2.6| ) obey the following simple relation: 

= (2.10) 

Furthermore, by applying the above relation, it is easy to verify that the Hamiltonian 
( p77|) , Xf (^ and {MHs)ij (2-4b) satisfy an equation given by 



N 



T^Hs } Xj 



k=l 



Y: Xf {Mhs\, . (2.11) 



So we curiously find that, through the introduction of nonlocal operator X°^, it is possible 
to obtain the above Lax equation which is an analogue of (2.2b) for the present case. Now, 
by applying Lax equations (p75|) and ( |2.11| ), and also using 'sum-to-zero' condition satisfied 



by the elements of M.hs (2.4b), one can verify that the operators given by 



N 



= E xfir^sh. (2.12) 



■-HSJij 



where n G [0, 1, ■ ■ • , oo] and a, (3 G [1, ■ ' ' ? would commute with the Hamiltonian 
(|1.7|) of HS hke spin chain. At the hmiting case Q = 1, T^^ ( p.l2|) evidently reproduces 



the local conserved quantities (|2.3|) of SU{M) HS spin chain ( |1 . 1|) . 

Thus, we are able to derive here the Lax equations and conserved quantities associated 
with spin chains belonging to the class ( |1 . 7|) . The Q matrix (p.7|) and related nonlocal 
operators ( |2.9|) play a crucial role in our derivation. In the next section, our aim is to 
find out the symmetry algebra generated by the conserved quantities ( |2.12| ) and establish 
their connection with the Yang-Baxter equation. 



3 Symmetries of HS like spin chains 

It is already mentioned that the symmetry of SU{M) HS spin chain is given by the 
^{q^m) Yangian algebra. This Y{glM) Yangian algebra [30,31] may be defined through 
the operator valued elements of an M x M dimensional monodromy matrix T^{u), which 
obeys the quantum Yang-Baxter equation (QYBE) 

Roo'{u-v) (t\u)^1) (l^T'^'iv)) = (l^T'^'iv)) (t%u)®i)Roo'{u-v). (3.1) 

Here u and v are spectral parameters and the x dimensional rational R{u — v) 
matrix, having c-number valued elements, is taken as 

Roo'{u-v) = {u-v)l + Poo'- (3.2) 

Associativity of Y{glM) algebra is ensured from the fact that the above R matrix satisfies 
the Yang-Baxter equation (YBE) given by 

RqO' — V) Rqqii {u — W) Rq'o" {v — w) = Rq'o" {v — w) Rqq" {u — w) Rqq' {u — v) , (3.3) 

where a matrix like Rab{u — v) acts nontrivially only on the a-th and 6-th vector spaces. 
The conserved quantities ( p.3| ) of SU{M) HS spin chain yield a realisation of the above 
mentioned monodromy matrix which generates the YIqIm) Yangian algebra. 
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Now, for finding out the symmetry algebra associated with conserved quantities (|2.12|) , 
we consider a rational R matrix of the form 



Rqo'{u-v) = {u - v) Qoo' + Poo' , (3.4a) 



where Qoo' acts exactly like Qik ( p77|) on the direct product of 0-th and O'-th auxiliary 
spaces: 

M 

Qow = E ^o" ® ^l' + E e'"^^^ Xo"" ® X^? . (3.46) 

(T=l ""t^T 

It is interesting to notice that, the above defined R matrix (3.4a) coincides with the 
rational limit of a trigonometric solution of YBE related to some asymmetric vertex 
models [28]. Moreover, by using the conditions ( p.8| ) satisfied by Q matrix, it is easy to 
directly check that the R matrix (3.4a) would be a valid solution of YBE ( p.3| ). At the 
limiting case Qoo' = 1? the rational solution (3.4a) obviously reduces to R matrix (^) 



which leads to Y^qIm) Yangian algebra through QYBE. So it is clear that by substituting 
the R matrix (3.4a) to QYBE ( p.l|) , and expressing this QYBE through the elements of 
related monodromy matrix, one can generate an associative Yangian like algebra. All 
discrete and continuous parameters, which are present in the Q matrix (3.4b), would 
naturally appear in the defining relations of above mentioned 'extended' Y{glM) Yangian 
algebra. Depending on the choices of such discrete parameters {(paa), one can also make a 
rather useful classification of corresponding extended Yangian algebras. For this purpose 
it may be noted that, if the discrete parameters are chosen as 0o-o- = (or, cf)^^ = vr) for 
all 0", the Q matrix (3.4b) can be rewritten in the form 

Qoo' = el + E (e^^^-^-e) Xq^'^ ® XqT , (3.5) 

where e = 1 (or, e = —1). Evidently the extended Yangian algebra, generated by the 
Q matrix ( |3.5| ) or corresponding R matrix (3.4a), would reduce to the standard Y^qIm) 
algebra at the limit ~^ (or, tt) of all continuous parameters. So, it is natural to 

classify these extended algebras as 'multi-parameter dependent deformations' of Y^qIm) 
Yangian algebra. A few concrete examples of this type of multi-parameter deformed 
Yangian algebras have already appeared in the literature [32-34] and it is recently found 
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that an integrable extension of Hubbard model respects such deformed Yangian symmetry 
[35]. However it may be easily checked that, if all discrete parameters appearing in the Q 
matrix (3.4b) do not take the same value, the corresponding extended Yangian algebras 
would not reduce to standard Y{glM) algebra at any limit of the related continuous 
parameters. So we may classify such extended algebras as 'nonstandard' variants of 
Y^qIm) Yangian algebra. 

At present, we want to show that the symmetry of HS like spin chain ( |1.7| ) would be 
given by the extended Y{glM) Yangian algebra associated with R matrix (3.4a). To this 



end, we start with the Hilbert space (S) of HS like spin chain ( |1.7| ) where a general state 
vector is written as 

|\1') = ^aiQ2 -a]v l«l«2 ■ ■ -aAr) , (3.6) 

and, by following Ref.ll, define another space F where a general state vector is given by 
\x) = XnlZ'-'Z l«i«2 ■ ■ ■ ajv) ® \n1n2 ■■■un) (3.7) 

{ai},{ni} 

with tti G [1, 2, ■ ■ ■ , M] and rii ?t,2 ■ ■ ■ being a permutation of 1 2 • ■ ■ A^. So, the space 
r is obtained by enlarging the Hilbert space S through some discrete coordinate (n^) 
degrees of freedom. One may now define some operators which act nontrivially only on 
the coordinate part of state vectors associated with space F: 

Zi\nin2- ■ -Ui- ■ -riN) = cj"' |ni?7,2 ■ ■ ■ ■ ■ ■ tt-at) , 
Kij \n1n2 ■ ■ ■ Ui ■ ■ ■ rij ■ ■ ■ un) = \n1n2 ■ ■ ■ rij ■ ■ ■ rii ■ ■ ■ tin) , (3.8) 

where u = . It is easy to check that the above defined operators satisfy the algebraic 
relations given by 

= 1, KijKji = KuKij = KjiKu, [Kij,Ki^] = 0, (3.9) 

i, j, I, m being all different indices. With the help of these Zi, Kij, one can define Dunkl 
operators of the form 
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where 9ij = j-^j- and show that such Dunkl operators satisfy the commutation relations 
given by 

KijDi = DjK,,, [Kij,Dk] = 0, [Di,D,] = {D,-Dj)Kij, (3.11) 

where k i, j. These commutation relations will be used shortly for finding out a concrete 
realisation of extended Y^qIm) algebra. 

Next, we consider all state vectors of T which satisfy the following relation: 

= 0, (3.12) 

where the action of Pij is defined by eqn.( [1.4D . These state vectors would form a subspace 
of r, which we denote by F^. By using eqns. (|3.12| ) and (|3.7|) , it is easy to verify that 



coefficients of \x) now satisfy an 'anyonic' symmetry condition: 

QjQ2---ai---aj---ojv _ p—i^{o!i,ai+i,---,aj) aia2---aj---ai---aN ('3 13') 

where $ («», Oj+i, ■ ■ ■ , a^) is given by ( pTSl) . Due to the existence of above symmetry 
condition, only the knowledge of coefficients like Xi2^-''n'^ is sufficient to construct any 
\x) belonging to space F^. Consequently, it is possible to establish an isomorphism 
between the spaces Fg and S through the one-to-one mapping: 7r*|x) = |\E') , where the 
coefficients of l^') and |x) are related as 



It is clear from eqn.( p.l3l) that, at the limiting case $ = 0, F^ would represent a bosonic 



space (F^) where the wave functions remain invariant under the simultaneous interchange 
of spin and coordinate degrees of freedom. Thus, at this limiting case, tt* would reproduce 
a mapping vr which was used earlier [11] for defining an isomorphism between the spaces 
F^ and S. 

Now, by using the Dunkl operators (|3.1(]| ) and Q matrix (3.4b), we propose the fol- 
lowing monodromy matrix whose elements are some operators on space F|j: 

N p 

fV) = + (3-15) 

j=i 
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where 



^0 — Q01Q02 ■ ■ - Q 



ON 



Oi 



{Q01Q02 ■ ■ "Qo.j-l) Poi {Qo,i+lQ 



0,j+2 



■Qon) ■ (3.16a, 6) 



With the help of eqns.(|2^) and (^]6|), it may be checked that: T^{u) , K^Pij 
0. Consequently, the monodromy matrix T°(n) ( p.l5| ) preserves the 'anyonic' symmetry 
( |3.13| ) of state vectors belonging to space F^. So, by using the mapping n* defined through 
eqn.( |3.1'^ , we may construct an image (7r*[T°(u)]) of the monodromy matrix ( p.l5| ) on 

space 5* as 



N 



Oi 



1=1 



u - D, 



(3.17) 



It is worth noting that, at the limiting case Q = 1, eqn. (|3.17|) reduces to 

-Poi 



TX 



( ^ 

U + E 

\ i=i 



u — D~ 



TT 



which represents the monodromy matrix of SU{M) HS spin chain (|1.1|) and yields a 
solution of QYBE (|3.1| ) when the corresponding R matrix is taken as (|3.2| ) [11]. Now, 
by essentially following the approach of Ref.ll and using the relations ( |3.11| ) as well as 
( |2.8| ), one can interestingly show that the monodromy matrix ( p.l7[ ) would also satisfy 
QYBE ( ^.11 ) when the corresponding R matrix is taken as (3.4a). Thus, it turns out that 
the monodromy matrix ( |3.17| ) yields a concrete realisation of extended Y{gl]\j) Yangian 
algebra. 

Next, we want to derive a few simple relations which are needed for establishing a 
connection between the conserved quantities (p.l2|) and our realisation (|3.17| ) of extended 



Yangian algebra. First of all, by using the standard expression: Pqi = J2a,f3=i -^0 ^ 
and conditions ( p.8|) on Q matrix, we find that the operator Poi (3.16b) may be rewritten 
in a compact form given by 



Oi 



M 

E ^0 

a,f3=l 



(3.18) 



With the help of above expression and commutation relations (|3.11|) , one can further show 
that 



TT 



TV 



EP0.A" 



1=1 



n* (^EPo.A") i^T' = Xf®r^P\ (3.19) 
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where '7^^"s are the conserved quantities ( p . 1 21) of HS hke spin chain. Finally, by using 
eqn.( p.l9"D , we find that the monodromy matrix ( p. 171) can be expressed through its modes 

as 

cx> ^ M 

— ' " ^ ' 20) 



n=0 " a,/3=l 

One may curiously notice that, apart from the conserved quantities ( 2.12| ) which are 
derived from the Lax equations, the operator fig also appears in the mode expansion 
(|3.20|) . But it seems that, by applying Lax equations (( p.5|) , (|2.11|) ), it is not possible to 
determine whether this i^o would also commute with the spin chain Hamiltonian (|L7|) . 
However, with the help of eqns.(3.16a), ( p.6|) and (|2.8| ), one can directly show that 



0, 



(3.21) 



^0 



where f2""s are operator valued elements of the diagonal matrix i^o- = I]a=i -^o 

. By using the relation ( p.21|) , we may now easily verify that fio and fi""" indeed com- 
mute with the Hamiltonian (|1.7| ). Thus we observe that, HS like spin chains apparently 
possess some additional conserved quantities (i7"") which become trivial at Q = 1 limit, 
i.e., for the case of SU{M) HS model. 

From the above discussion it is revealed that, all modes of the monodromy matrix 
T^[u) ( |3.2(j| ) can be identified with various conserved quantities which commute with 
the Hamiltonian ( |1.7| ). Therefore, we may conclude that the HS like spin chain ( |1.7| ) 
respects an extended YIqIm) Yangian symmetry. Furthermore, one can explicitly find 
out all algebraic relations among the conserved quantities of such spin chain, by simply 
expressing this extended Y{glM) Yangian algebra through the modes of corresponding 
monodromy matrix. To this end, we insert the mode expansion (|3.20|) as well as R matrix 
(3.4a) to QYBE ( |3.1| ), and, equating from its both sides the coefficients of same powers 
in u, V, easily obtain the following set of relations: 







" Pa/3 " 



"7/3 -^n 



I m n n m 



(3.22a, 6) 
(3.22c) 

(3.22rf) 
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where pa-y = e*"'^"^. Thus we are able to exphcitly derive here the symmetry algebra 
associated with HS like spin chain (|1.7| ). It may be noted that, at the special 
and fi"" = 11 for all a, 7, the algebra (3.22) reduces to standard Y{glM) Yangian and 
reproduces the commutation relations among the conserved quantities of SU (M) HS spin 
chain. 

4 A class of exact eigenfunctions for HS like spin 
chains 

As was mentioned in sec.l, by exploiting a connection between spin chain ( |1 . 1| ) and 
dynamical CS model ( |1.2|) , one can construct a class of exact eigenfunctions for the SU (M) 
HS spin chain [11]. In the following, our aim is to pursue a similar approach for the HS 
like spin chain ( p..7| ) and construct its eigenfunctions which may be related to the HW 
states of extended Y^qIm) algebra. To this end, we consider again the spin space S where 
a general state vector is written in the form ( p.6| ). Moreover, we fix our convention by 
saying that the z-th lattice site contain 'up' spin if aj = 1, and 'down' spin if 7^ 1. 
Notice that any state vector of S", containing only m number of 'down' spins, may also 
be expressed in the form: = E{7a,{n0 V'nlna-'n™ l7i72 ■■■ 7m) » ^1^2 ■■■ n^) , 

where rii denotes the position of z-th 'down' spin {1 < rii < n2 < ■ ■ ■ < 11^. < A^) and 
7j G [2, 3, • ■ ■ , M] represents the precise orientation of this 'down' spin. Such m-magnon 
states will span a subspace of S, which we denote by Sm- 

Next, we define another space Sm, where the form of a general state vector is apparently 
same as the above described m-magnon state: 

li^m) = E <mi7i72---7m)®Kn2---n„). (4.1) 

{7i}.{"i} 

However, at present, there exist no ordering among n^s which appear in \n1n2 ■ ■ ■ fim), and 
these rijS may freely take all possible distinct values (i.e., nj 7^ rij when i ^ j ) ranging 
from 1 to A^. Moreover, the coefficients like ipnllvz- '^n^ required to satisfy the following 
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'anyonic' symmetry condition: 

„/.7l72---7i---7j---7m _ p-«*(7i:7»+i.---,7j) ^/,7l72---7j---7i---7m (4 2) 

Tn\n2---ni---nj---nm, Tn\n2---nj---ni---nm ' V / 

where $ (74, 7i+i, • ■ • , 7j) is obtained from ( pTsP by restricting G [2, 3, ■ ■ ■ , M]. So the 
condition i^Kij — Pij^ {ipm) = is satisfied for all state vectors of Sm- It is clear from 
eqn. ( ^^) that, only the knowledge of coefficients V'nln2---n^5 with 1 < rii < ^2 < ■ • ■ < 



nm < N, is sufficient to construct the state vector lipm) (|4.1| ). Consequently, there exists 
an isomorphism between the spaces Sm and Sm, and one might regard Sm itself as the 
m-magnon space. So, we may consider a mapping pm, which projects the state vectors of 
S to the m-magnon space Sm- Pm|^) = iV'm), where the coefficients of li'm) are defined 
for the case 1 < rii < n2 < ■ ■ ■ < rim < N as 

^7i72--7m ^ vl/ (A 3) 

with = 7i, = 72, • ■ • , = 7^ and = 1 if z 7^ ni, n2, ■ • • , rim- The mapping pm 
can also be used to project the Hamiltonian ( |1.7|) of HS like spin chain on space Sm- Since 



the Hamiltonian (|1.7|) preserves the m-magnon space, its projection is unambiguously 



defined through the relation: 

Pm[nHs]-Pm\'^) = Pminnsl^)) , (4-4) 

where |\E') is an arbitrary state vector of space 5*. Thus, the problem of diagonalising 
Hamiltonian ( |1.7|) now reduces to the problem of diagonalising pm \Hh s\ in all m-magnon 
sectors. 

Though it is possible, in principle, to explicitly find out the matrix elements of 
Vm [f^Hs] by directly using eqn.( [4.4|) , we wish to apply an easier alternative method for 
this purpose. To this end, however, we find that it is convenient to fix a few continuous 
and discrete parameters appearing in the phase factor (|1.5| ) as 

(t)ll = (f>l-y = 07l 



0, (4.5) 



where 7 G [2, 3, ■ ■ ■ M]. The above choice of continuous and discrete parameters evidently 
gives a special status to the 'up' spin component and implies that the phase factor (|1.5| ) 
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will vanish while interchanging this 'up' spin with any spin component ('up' or 'down') 
sitting at the nearest lattice site. It should be noted that, even after fixing a few discrete 
and continuous parameters through eqn. ([4.5|) , the phase factor ( |1.5|) and related 'anyon 
like' representation (|1.4| ) still contain (M — 1) number of free discrete parameters and 
(M — 1)(M — 2)/2 number of free continuous parameters. Our discussion in the following 
would be valid for all possible choices of these remaining discrete as well as continuous 
parameters in the Hamiltonian ( p..7| ). 

Next, we consider another mapping which projects the state vectors of T*^ to space 
Sm'- Qm \x) = li^m), whcre the coefficients of \ipm) (I^-ID and |x) (|3.7|) are related as 



with nin2 ■ ■ ■ n„in„i+inm-\-2 ■ ■ - tin being a permutation of 1 2 ■ ■ ■ A^. Due to eqns.(^]T3|) and 



the coefficient Y^^P'' Tr \} « ^ \ would remain invariant under the simultaneous 
interchange of any two 'up' spins and corresponding coordinate indices. So, for defining 
qm, we may freely take any permutation of coordinate indices nm+inm+2 ■ ■ ■ n-N in the 
r.h.s. of eqn. (|4.6|) . Again, the mapping q^ may also be used to project an operator (say, 
A) from space to space Sm- This projection is defined through the relation 

qm[A\-q^\x) = qmiA\x)) , (4.7) 

where \x) is an arbitrary state vector of F^. 

By applying now the relations (|3.14|) and (|4.6| ), we interestingly find that the composite 



mapping q^ ■ (tt*) ^ is exactly equivalent to the mapping pm defined through eqn. ([4.3|) . 
Thus one can evidently write 



PmiUHs] = qm[{7^T ['Hhs]\ = Qn. [{t^T Hh S 7^* \ , (4.8) 

and use the above relation, instead of ([4.4|) , to obtain the action of pm [Hhs] on the space 
Sm- So, at first, we exploit the condition ( p.l2| ) which is obeyed by all state vectors of F^ 
and find that the image of Hamiltonian (|1 . 7|) under the mapping (vr*)^^ is given by 

inT'inns] = E 0,Ail-K,,). (4.9) 

l<i<j<N 
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It is curious to observe that, the r.h.s. of above equation does not exphcitly depend on 
the continuous or discrete parameters which are present in the HS hke Hamiltonian (|1.7|) . 
Subsequently, we apply eqn. (^l7| ) for deriving the projection of operator (vr*)^^ [Hhs] 



on space Sm- Thus, we obtain the action of Pm [f^Hs] on state vectors of Sm as 

Pm [Hhs] \'^m) = E ^nZ-'^rr. I7l72 " " " 7™) ® l^l^2 " " " n„) , (4.10) 

{7»}.{"i} 



where \ipm) is given by ( [4.1|) and 

„/,7l72---7m _ 2 \^ f „/,7l72---7i---7j---7m _ „;.7l72---7™ ^ fj' fj' 
rni?i2---nm \H^n-in2---nyni---nm 'rnin2---nm J ^ninj^rijUi 

l<:i<j<:'m 

-\- 2 f ,/,7l72---7r-l7r7r + l---7m _ „;.7l72---7m A O' Q' 

' / ^ / ^ \^ Ynin2---nr-intnr+i---n,n ^n\n2---rim ) rirrit ritrir ' 

l<r<m m+l<t<Af 

with d'j,- = ^k_^j and nin2 ■ ■ ■ nmnm+inm+2 ■ ■ - um being a permutation of 1 2 ■ ■ ■ A^. 

It is clear that, by simultaneously using eqn.( [4.1(]| ) and symmetry condition ( [4.2|) , one 
can in principle diagonalise the operator prn [f^Hs] on space S^- However it should be 
noted that, in contrast to the case of eqn.( [4.2| ), the r.h.s. of eqn.( |4.1(]| ) does not explicitly 



depend on the continuous or discrete parameters which are present in the Hamiltonian 
(|1 . 7|) . At present, we want to exploit this striking property of eqn. (|4.1CI|) and apply a 



method due to Ref.ll for the purpose of rewriting this equation through the Dunkl oper- 
ators associated with dynamical spin CS model. The known eigenfunctions of such Dunkl 
operators may finally be used to construct a class of exact eigenfunctions of [f^Hs] with 
symmetry property ([4.2|) . To this end, however, it is needed to represent the state vector 



([4.1|) through some continuous variables which are related to the coordinates of spin CS 
model. Therefore, we consider polynomial functions like ip{zi,Z2,- ■ ■ , z^; 71, 72, ■ ■ ■ , 7m), 
which depend on several continuous variables {zi) as well as spin variables (7^) and satisfy 
the following symmetry condition: 

''/'(^l, ■ ■ ■ 5 ^i; ■ ■ ■ ; ^J; ' ' ' ; 71? ' ' ' i ' ' ' y Ijy ' ' ' ) Im) 

g (72i7i+ii i7i) ■ip(^Zi, ■ ■ ■ , Zjj ■ ■ ■ ; Zi, ■ ■ ■ , ^mi Tl? ' ' ' ; Tj; ' ' ' ; Ti; ' ' ' ; Im) ■ ('^•H) 

Such a polynomial would evidently generate a state vector ( |4. 1|) of Sm through the pre- 
scription: 

KZ-'lz = ^ (^'^^ ■ ■ ■ , ^""^ 71, 72, ■ ■ ■ , 7m) . (4.12) 
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Next, we focus our attention only to those states of Sm, which are generated through 
functions of the form 

m 

-0(^1, 2:2, ■ ■ ■ , 7i, 72, ■ ■ ■ , 7m) = n n ~ ^i) ^ (^1, ^2, ■ ■ ■ , z^; 7i, 72, ■ ■ ■ , 7m) , 

(4.13) 

where F {zi, Z2, - ■ ■ , Zm] 71, 72, ■ ■ ■ , 7m) is a polynomial with degree less than or equal to 
{N — m — 1) in each variable Zi. Due to eqn.( [4.H"D , F {zi, Z2, ■ ■ ■ , Zm] 71, 72, ■ ' ' , 7m) niust 
satisfy the symmetry condition given by 

-^(^l, ■ ■ ■ 5 ^jj ■ ■ ■ 5 ■ ■ ■ 5 ^mi 7I5 ■ ■ ■ 5 7«5 ■ ■ ■ 5 7j5 ■ ■ ■ 5 7m) 

= _ g-i*{7.,7.+i,-,7.) . . . , . . . , z„ . . . , 71, ■ ■ ■ , 7,, ■ ■ ■ , 7i, ■ ■ ■ , 7m) . (4.14) 

Now we want to restrict the action of Pm [Hhs] ( l^-10| ) only on the above mentioned class 
of state vectors of Sm- For this purpose, it is helpful to consider an identity given by 

dV ( d 



^(^)l--'^- = 2 E [^(^") - n^')] O'nAn. (4.15) 



where k, n G [1, 2, ■ ■ ■ , A^] and F{z) is an arbitrary polynomial of z with degree between 
1 to — 1. By using this identity and assuming that the state vector \iprn) is gener- 
ated through a polynomial of the form ( [4.13| ), one can express the operator pm \Hhs\ in 



PmlUns] = J:('^s+^-^)(v,+ ^-^) , (4.16) 



eqn.( |4.10]) as 

m . 2 

Pn.[nHs] = E (^^ + -2 y V- ■ 2 

where Vg , the Dunkl operators associated with dynamical spin CS model, are given by 
'^s = Zs^ + Y: Os^Ks, - E (^JsK.s - , (4.17) 

^ j>s j<s ^ 

with = j^i^- Thus it turns out that, the restricted action of Pm [Hhs] can interestingly 
be expressed through the Dunkl operators associated with dynamical spin CS model. 
Moreover, with the help of eqns.( ^?T6[ ) and ( |4.13| ), it is easy to find that 



Pm [Hhs] i'izi, Z2,---, Zm] 7i, 72, ■ ■ ■ , 7m) 



n n i^i ~ ^i) P (^1' ^2, ■ ■ ■ , Zm] 7l, 72, ■ ■ ■ , 7m) ,(4.1^ 

i=l i<j 
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where 



nj{m) 
fl-HS 



s=l 



1 + N 



1-N 



(4.19) 



and T>sS, the 'gauge transformed' Dunkl operators, are given by 



K 



SJJ 



j<s 



N+1 



(4.20) 



From the relations ([4.19|) and ( [4. 181) it is evident that, by taking the known eigen- 
functions of mutually commuting Dunkl operators ( [4.20| ) and projecting those eigen- 
functions in a suitable way such that they would generate polynomials with symmetry 
property ( |4.14|) , we can construct a class of exact eigenf unctions for the operators Ti^HS 
and Pm [Hhs]- However, at present, we are allowed to use only those eigenf unctions of 
Dunkl operators for which the degree of each variable Zi would be less than or equal to 
{N — m — 1). Such eigenf unctions may be denoted by ^Ai,A2,--,Am(-2i, Z2, - ■ ■ , Zm), where 
AjS are integer valued quantum numbers satisfying the constraint: < Ai < A2 < ■ ■ ■ < 
Am < N — m — l, and can be constructed by taking appropriate linear combination of the 
monomial z^^ z''^^ ■ ■ ■ z^"^ and other monomials of relatively lower order [11]. Moreover, 
at the special case Aj = Aj+i = ■•■ = Aj+fc, the eigenfunction ^Ai,A2,--,a™(-2i5 -22, ■ " " ? ^m) 
becomes a symmetric polynomial of variables Zi, Zj+i, ■ ■ ■ , Zi+k- The exact eigenvalues for 
all ^Ai,A2,---,A„(-Zi, Z2, - ■ ■ , Zm) are given through the relation [11]: 

+ 1" 



T^s ^Ai,A2,-,A„(2:i, 2^2, 



As + s 



'Cai,A2,---,A„(2;i, Z2, - ■ ■ , Zm) 



With the help of eqns. (|^A9| ) and ( |4.21| ), it is easy to check that ^Ai,A2, - a™,(-2i, -22, 
would be an eigenfunction of l^^^s with eigenvalue given by 



E 



Ai,A2,---,A„ 



m 



N) 



(4.21) 
(4.22) 



where = A^ + s. However, as mentioned earlier, it is necessary to construct the eigen- 
functions of Ti//^ which would satisfy the symmetry property (f4.14|) . For this purpose, 
we consider a 'generalised' antisymmetric projector (A'l"'') obeying the following relation: 



(m) 



A 



(m) 



(4.23) 
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where i, j G [1, 2, ■ ■ ■ , m]. Such a projector may be exphcitly written through 'transpo- 
sition' operator Tij 



PijKijj as 



A 



(m) 



E E 



'^iiji'^i2j2 



(4.24) 



P {ikdk} 

where the series of transposition Ti^j^Ti^j2 ■ ■ ■ Tipjp represents an element of the permutation 
group (-Pm) associated with m objects and, due to the summations on p and {ifc, jfc}, each 
element of Pm appears only once in the r.h.s. of the above equation. For example, A_ 
and A_ are given by: Al^ = 1 - ri2 , A_' = 1 - ri2 - - na + T2zTi2 + ri2r23 . 
It is obvious that, at the limiting case Pij = Pij, A^^ ( [4.24| ) would reduce to the usual 
antisymmetriser which projects a wave function to the fermionic subspace. Next, we 
multiply CAi,A2,---,Am(^i) ^2, ■ ■ ■ , Zm) by any fixed 'down' spin configuration like \P1P2 ■ ■ ■ Pm) 
(with Pi G [2,3, ■ ■ ■,M]) and subsequently apply the projector ([4.24|) for constructing a 
polynomial of the form 

(7l72 ■ ■ ■ 7™| AL"^^ { 6i,A.,.,A„ {ZU ^2, ■ ■ ■ , Zm) lA/^S ' ' ' Pm) } ■ (4.25) 

Since A^"* commutes with Ti^^g and satisfies the relation (|4.23|) , it is obvious that the 
polynomial F {zi, Z2, - ■ ■ , Zm] 7i, 72, ■ " " ? 7m) (|4.25|) would be an eigenfunction of H^iPs with 
eigenvalue -EAi,A2,- -,Am ( |4-22| ) and also respect the crucial symmetry property ( |4.14| ). By in- 
serting ( |4.25| ) to ( [4.13| ), we finally obtain a class of polynomial eigenfunctions for pm [Hhs] 
( FTB|) as 



Ai,A2,--,A, 



X^ly ^2, 



2;m;7i,72, 



1 7r7 



= n n i^i-^j) (7i72---7m|AL"^^ {eA„A2,...,A™ |A/?2---/3m)} ,(4.26) 

i=l i<j 

where 6i,A2,-,a™ = 6i,A2,-,a„(2:i, ^2, • • • , Zm)- Now, by calculating the coefficients 
(with 1 < rii < n2 < ■ ■ ■ < rim < A^) related to above polynomial ( 4.26 ) through the pre- 
scription ( [4.12| ), we can easily construct a class of m-magnon states which would be exact 
eigenfunctions of HS like spin chain (|1.7|) with eigenvalues given by i?Ai,A2,- -,A„ (|4.22| ). 

Since the projector A^"* ( [4.24|) is explicitly dependent on 'anyon like' representation 
Pij, it is clear that the presently derived eigenfunctions ([4.26|) would also depend on the 
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discrete and continuous parameters which appear in Pij and corresponding Hamiltonian 
(|1.7|) . However, it seems at the first sight that, the corresponding eigenvalues (|4.22| ) of 
Hamiltonian ( |1.7|) do not depend on any such discrete or continuous parameters, and 



exactly coincide with the eigenvalues [11,18] of original SU{M) HS spin chain ( p. . 1|) . To 
resolve this problem it may be observed that, for the case of SU{M) HS spin chain 
(i.e., when Pij = Pij), A^'' ([4.24|) reduces to a projector which antisymmetrises the 
wave functions under simultaneous interchange of spin and coordinate degrees of freedom. 
Consequently, the projection A^l"^ {^Xi,X2,-- Am l/^i/?2 ■ ■ ■ Pm) } will vanish (for all possible 
choice of corresponding \P1P2 ■ ■ ■ Pm)) if at least M number of consecutive AjS take the 



same value. Thus the energy levels ( |4.22| ), corresponding to the above mentioned values 
of AjS, would be absent from the spectrum of SU{M) HS spin chain [18]. It is easy to 
check that, even for the case of a HS like spin chain, having multi-parameter deformed 
Y{glM) Yangian symmetry, the term A^-* { ^Ai,A2,- -,a„ |/5i/?2 ■ ■ ■ /?m) } becomes trivial if 
at least M number of consecutive AjS take the same value. So the spectrum of such HS 
like spin chain does not really depend on the related continuous parameters and coincides 
with the spectrum of SU{M) HS spin chain. However it may interestingly happen that, 
for a suitable choice of discrete parameters in 'anyon like' representation Pij ( |1.4|) , the 
projection A^^ { 'Cai,A2,- -,a™ \ ^1(^2 ■■■ f^m) } would give nontrivial result for all possible 
values of corresponding AjS. So, in such cases, we will get some additional energy levels 
which are forbidden in the spectrum of SU (M ) HS spin chain. We shall shortly discuss a 
concrete example of HS like spin chain where some extra energy levels indeed appear due 
to the above mentioned reason. 

Now it is natural to ask whether, by using the already found eigenf unctions ( ^.26| ) of 
Hamiltonian (|1.7| ), it is possible to construct the related complete set of eigenstates. To 
answer this question it is useful to notice that, for the limiting case Pij = Pij, the eigen- 
functions ([4.26|) would lead to all HW states of Y{glM) Yangian algebra, which appear in 
the reducible Hilbert space of SU{M) HS spin chain ( |1.1|) [11,18]. This fact inspires us to 
conjecture that, the eigenfunctions (|4.26| ) would lead to all HW states of extended Y^qIm) 
Yangian algebra, which appear in the reducible Hilbert space of HS like spin chain (|1.7|) . 
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Due to this conjecture, the eigenvalues (|4.22| ) should represent the full spectrum of HS 



like spin chain (|1.7| ). Moreover, by applying appropriate descendent operators (associated 
with an extended Y^qIm) Yangian algebra) on the HW states belonging to class ( [4.26|) , we 
should be able to find out all degenerate multiplates and complete set of eigenfunctions 
for the HS like spin chain. In the following, our aim is to explore these consequences of 
the above mentioned conjecture, by concentrating on a spin-^ chain with nonstandard 
Y{gl2) Yangian symmetry. 



5 Spectrum of a HS like spin chain with nonstandard 
Y(gl2) Yangian symmetry 

In the previous section, we have discussed a method for constructing some exact eigen- 
functions of the HS like spin chain containing (M — 1) number of free discrete parameters 
and (M — 1)(M — 2)/2 number of free continuous parameters. So, for the simplest M = 2 
case (i.e., for spin-| chain), this method could be used when the Hamiltonian ( |1.7| ) con- 
tains only one adjustable discrete parameter 022 (all other parameters are fixed due to 
condition (|4.5| )). For the choice 022 = 0, however, Pij (|1.4|) reproduces the standard rep- 
resentation of permutation algebra and leads to the original SU(2) HS spin chain. On 
the other hand, for the choice 022 = the action of Pij (|1.4| ) yields a nontrivial result 
which may be explicitly written as 



p. .1 . 


■ ■ 1 fti+l ■ 


■ay 


-il- 


■■) = 


• ■ ■ 1 Ui+i ■ ■ 




■), 




(5.1a) 


p 1 ■ 


■ ■ 2 Oj+i ■ 




-i2- 


■■) = 


- ■ ■ ■ 2 ctj+i 


■ ■ dj-i 2 


■■■), 




(5.16) 


p 1 ■ 


■ ■ 1 ■ 




-i2- 


■■) = 




■ ■ ■ 2 Oj+i 


■ ■ ■ dj-i 1 ■ 


■■), 


(5.1c) 


p. .1 . 


■ ■ 2 ai+i ■ 




-il- 


■■) = 


(^_X)"*+ij-i 


■ ■ ■ 2 ctj+i 


■ ■ ■ aj-i 2 ■ 


■■), 


(5.1d) 



where = 1 (2) indicates the up (down) spin component and nj+i j_i represents the 
total number of down spins which are present in the configuration a;j+ia;j+2 ■ ■ ■ By 
inserting this 'anyon like' representation to eqn.( p..7[) , we may now obtain a concrete 
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example of HS like spin-| chain. The Q matrix ( p.7|) associated with representation (5.1) 
is explicitly given by 

= ® XI' - Xf ® Xf + XI' ® Xf + Xr ® XI' . (5.2) 



This Q matrix can be used to construct the nonlocal operators ( |2.9| ) as well as conserved 
quantities ( p.l2| ) for the above mentioned HS like spin-i chain. For example, when ex- 
pressed through the familiar Pauli matrices (af , a^), one such conserved quantity would 
be given by 

N 

V' = = T.-^{ n(-i)^r (5-3) 




i=l 

Furthermore, by inserting the Q matrix (|5.2|) to (3.4a), one can also find out the quantum 



R matrix which generates the symmetry algebra of HS like spin-i chain. It is evident that 
such symmetry algebra would be given by a nonstandard variant of Y{gl2) Yangian and 
may be obtained explicitly by plugging pn = 1 and P22 = — 1 in eqn.(3.22). Moreover, 
by using eqn. (3.22c) for the case n = 0, P = 6= l and a = 7 = 2, it is easy to find 
that the conserved quantity ( |5.3| ), which may be regarded as a descendent operator of 
the above mentioned nonstandard Y{gl2) Yangian algebra, obeys the following simple 
relation: {T^^'f = 0. 

At present, our aim is to find out the full spectrum and complete set of eigenfunctions 
for the HS like chain associated with 'anyon like' representation (5.1). For this purpose, 
however, it is helpful to briefly review first the case of SU (2) HS spin chain which contains 
the standard representation of permutation algebra. Since there exist only one type 
of 'down' spins for this case, we must take |7i72---7m) = \PiP2---Pm) = |22---2) in 



the expression ( [4.26|) . By applying now the projector (|4.24|) on ^Ai,A2,- -,a,„|22 • ■ -2), and 



using the fact that Pij does not pick up any phase factor while interchanging two spin 
components, it is easy to find that 

A^"^ { UM,-,Xmizi, 2^2, ■ ■ ■ , Zm) |22 • • • 2) } = |22 • • ■ 2) sL"^ {Um,-,^^!, Z2,---,Zm)} , 

(5.4) 

where E^'* is obtained by simply substituting Ti^j^, with Ki^,j^, in the r.h.s. of eqn.( |4.2^) : 
_ Y,{ik,jk}{~'^y^hji^i2j2'''^ipjp- Thus, it is evident that S^"* satisfies the 
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property: KijT^L'^ = — and antisjTumetrises the space part of any wave function. 



Consequently, the r.h.s. of eqns.( ^^ and (|4.26| ) would vanish if one takes Aj = Aj+i for 



any i. Therefore, the expression ( [4 .221) gives the eigenvalues of SU (2) HS spin chain, when 
AjS satisfy the condition: < Ai < A2 < • ■ • < Am < N — m — 1. As is well known, these 
eigenvalues for SU{2) HS spin chain and corresponding HW states can be represented 
uniquely through motifs, which are made of binary digits like '0' and '1'. For the case of 
HS spin chain with number of lattice sites, these binary digits form motifs of length 
— 1. Moreover, the positions of 'I's in a particular motif would represent the values of 
corresponding e^s. So the condition Aj+i > Aj (i.e., e^+i > + 1) leads to a selection rule, 
which forbids the occurrence of two consecutive 'I's in the motifs associated with SU{2) 
HS spin chain [10,18]. 

Next, we turn our attention to the HS like spin-| chain associated with representation 
(5.1). Again, for this case, we must take I7172 ■ ■ ■ 7m) = |/5i/52 ■ ■ ■ /5m) = |22 ■ ■ ■ 2) in the 
expression ([4.26|) . However, as evident from eqn.(5.1b), Pij picks up a multiplicative sign 
factor while interchanging two down spins sitting at i-th and j-th lattice sites. By using 
the expression ( [4.24 ) and taking care of the above mentioned sign factors, we easily find 



that 

AL") { a,A,,.,A„(^l, ^2, ■ ■ ■ , Zm) |22 ■ ■ ■ 2) } = |22 • ■ ■ 2) Sj") {6„A,,.,A„(^1, 2:2, ■ ■ ■ , Zm) } , 

(5.5) 

where S^^^ = J^ii^jk} ■^hji^i2j2 ' ' ' ^ipjp- Evidently, this E^"* satisfies the property: 
KijTi^^^ = and symmetrises the space part of any wave function. Therefore, the 

r.h.s. of eqn.( p.5| ) would remain nontrivial for all possible choices of corresponding AjS. 
Thus, the insertion of ( p.5| ) to ( |4.26| ) would generate nontrivial polynomials of the form 



V'Ai,-,A„(2;i,---,2;m;2,2, ■■■,2) = n^ilK^i-^i) ^+™^ {6i,A2,-,A™(2;i,- ■■,Zm) } , 

i=l i<j 

(5.6) 

where AjS can take all values within the range < Ai < A2 < • • ■ < Am < A^ — m — 1. By 
using the prescription ( |4.12| ), one may now easily construct the m-magnon states (denoted 
by |^Ai,A2,-,A„)) corresponding to polynomials Vai,A2,-a„.(2:i, ^2, ■ ■ ■ , ^^m; 2, 2, ■ ■ ■ , 2) (|5^ ). 
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Such |V'Ai,A2,- -,A„) would represent a class of exact eigenf unctions for the HS like spin- 
i chain with corresponding eigenvalues given by -EAi,A2,---,Am (|4.22|) . It is interesting to 



notice that, due to the absence of constraint which led to a 'selection rule' for the case of 
SU (2) HS spin chain, some additional energy levels now appear in the spectrum of this 
HS like spin-i chain and the occurrence of any number of consecutive 'I's is allowed in the 
corresponding motif picture. As a result, we may freely put 'O's and 'I's for constructing 
a motif of length — 1. Obviously, 2^^^ number of such distinct motifs (including the 
'00- ■ - 0' motif, which is related to the trivial m = sector) can appear in a system of 
lattice sites. So, due to our conjecture in sec. 4, the full spectrum of HS like spin-| 
chain would be generated by these 2^~^ number of motifs or energy levels. Moreover, 
the eigenfunctions |'?Aai,A2,- -,a„) related to the polynomials ( p.6| ) would represent the HW 
states of nonstandard Y{gl2) algebra. Consequently, by applying the descendent operator 
Tf^^ (|5.3|) on these \'ipXi,X2,--,x„^), one can construct the following eigenfunctions for the HS 
like spin- 1 chain: 




l^i.A2,...,Aj = n (-1)^ IV'A.A^.-.A J . (5.7) 



Due to the relation (Tq^)'^ = 0, it is not possible to obtain any nontrivial eigenfunction 
by applying Tq^ on the state |^AiA2---a™) (I^)- However, it is worth noting that the 
total number of eigenfunctions associated with eqns. d^^ ) and ( |5.7| ) is 2^, which is exactly 
same as the dimension of Hilbert space for a spin-i chain. Therefore, eqns. (|5.6| ) and ([5^ ) 
are in fact giving us complete set of eigenfunctions for the present HS like spin-^ chain. 
Furthermore, the two degenerate eigenfunctions |V'Ai,A2,---,a,„) and |V'ai,A2,---,a™) would form 
a two-dimensional vector space carrying an irreducible representation of nonstandard 
Yigh) Yangian algebra. Thus we curiously observe that, every motif of HS like spin- 
I chain is associated with a two-dimensional irreducible representation of nonstandard 



Y{gl2) algebra. It is also clear from eqn. ([4.22|) that, the doubly degenerate ground state 
of this spin chain is represented by the '11 ■ ■ ■ 1' motif with energy eigenvalue E'cor -.o = 
N{l-N'^)/Q. 

Next, for the purpose of illustrating the above mentioned results through a simple 
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example, we want to explicitly find out all eigenfunctions of HS like spin-| chain (|1.7| ) 
when it contains only four lattice sites (A^ = 4). To this end, we need to consider the 
HW states with m G [0, 1, 2, 3], since only for these cases the variable N — m — 1 takes 
some nonnegative values. At m = sector, however, lip) = |1111) trivially gives an 
eigenfunction with zero eigenvalue and represents the HW state associated with '000' 
motif. At m = 1 sector, the quantum number Ai is permitted to take values within the 
range: < Ai < 2 and the corresponding eigenfunctions of Dunkl operators are given 
by: ^0 = 1, ^1 = zi, ^2 = zf- Insertion of such eigenfunctions to eqn.(^.6|) leads to simple 
polynomials of the form 

^o(^i;2) = zi, V^i(zi;2) = zf, ^2(^1; 2) = zf . (5.8) 



By applying now the prescription ( [4.12| ) to the case of above polynomials, we can explicitly 



construct the HW eigenfunctions associated with '100', '010' and '001' motifs as 

\ijo) = i|2111) - |1211) -i|1121) + |1112) , 
iV^i) = - |2111) + |1211) - |1121) + |1112) , 

\ij2) = -i|2111) - |1211) +i|1121) + |1112) . (5.9) 



Moreover, with the help of eqn. (|4.22| ), it is easy to find that Eq = —3, Ei = —4 and E2 



—3 are the energy eigenvalues for the states \ipo), and \i/j2) respectively. Subsequently 
we consider the m = 2 sector, where the quantum numbers Ai, A2 are permitted to take 
all values within the range: < Ai < A2 < 1 and the corresponding eigenfunctions of 
Dunkl operators are given by: ,^0,0 = |) ^0,1 = |(-2i + 2z2) and ^11 = Insertion of 

these eigenfunctions to eqn.( ^.6|) yields 

^0,0 (^1,2:2; 2, 2) = Z, ipo^i^zi, Z2;2,2) = {zi + Z2) Z , tpi^i {zi, Z2;2,2) = Z1Z2Z, 

(5.10) 

where Z = ziZ2{zi — Z2). By applying again the prescription ( [4.12| ) to the above polyno- 



mials and also using eqn.( [4.22D , it is straightforward to construct the HW eigenfunctions 
associated with '110', '101' and 'Oil' motifs as 

\^o,o) = (l-i) {|2211) - 11122)} {|2112) + |1221)} + 2 {|1212) + 2|2121)} , 
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|^o,i) = |2211) + |1122) - |2112) + |1221), 

l^/^i i) = (l + i) {|1122) - |2211)} + (1 - i) {|2112) + |1221)} - 2 {|1212) - i|2121)} , 

(5.11a, b, c) 

and verify that the corresponding eigenvalues are given by i?o,o = i?o,i = ^6 and 
Ei^i = —7 respectively. Finally, one may consider the m = 3 sector, where Ai = A2 = A3 = 
represents the only possible choice of corresponding quantum numbers. By inserting 
the related trivial eigenfunction (^0,0,0 = 1) of Dunkl operators to eqn.(|5.6|), we get 

'4'o,ofiizi,Z2,Z3;2,2,2) = Z1Z2Z3 (zi - Z2)iz2 - Z3){zi - z^) . (5.12) 



By applying again the prescription (|4.12| ) to this case and using eqn. (|4.22| ), it is easy to 



construct the HW eigenfunction associated with '111' motif as 

|?/^o,o,o) = |2221) - |1222) + |2122) - |2212) , (5.13) 

and see that the corresponding eigenvalue is given by i?o,o,o = —10. From the above 
discussion one finds that a total number of eight HW states are available in m = 0, 1, 2, 3 
sectors. So, by using eqn.([5.7|), one can obtain the degenerate multiplates associated with 
these HW states as 

ij') = |2111) + |1211) + |1121) + |1112) , 

= (l + i) {|2211) - |1122)} - (1 - i) {|2112) + |1221)} - 2 {|1212) - i|2121)} , 
= |1221) - |2211) - |2112) - |1122) , 

= (1 -i) {|2211) - |1122)} - (1 +i) {|2112) + |1221)} - 2 {|1212) + i|2121)} , 
V-o^o) = |2212) - |1222) + i{|2122) - |2221)} , 
V-o,!) = |2212) + |1222) + |2122) + |2221) , 

tpl-^) = |1222) - |2212) + z{|2122) - |2221)} , |^[,_o^o) = |2222) . (5.14) 

Thus, we are able to explicitly derive here all eigenfunctions for the HS like spin-| chain 
containing four lattice sites. The wave functions |V'o,o,o) (|5.13| ) and iV'ooo) ( |5.14|) evidently 



represent the doubly degenerate ground state for this spin chain. 
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It should be noted that, the spectrum of any HS hke spin with nonstandard YIqIm) 
(with M > 2) Yangian symmetry can also be obtained very easily by applying the same 
arguments which we have used for M = 2 case. The Hamiltonian of spin chain (|1.7|) with 
nonstandard Y{glM) Yangian symmetry must contain at least one discrete parameter (say, 
4>tj,tj.) which takes the value vr. Now, by choosing \(3if32 ■ ■ ■ 13m) = \f^f^ ' ' ' f^) in sqn. 
we find that 

^Ai,A2,-,A„(2l, ^2, ■ ■ ■ , Zm] 7l, 72, " " " , 7m) 

= S'yifj.S'y2ti' " ^ImfJ. Hill Zi Hi^j (Zi — Zj) { ^Ai,A2,---,A„(^l, ^2, ■ ■ ■ ; ^m) } -(5.15) 

Since S^"* symmetrises the coordinate part of a wave function, the polynomial eigen- 



function ( |5.15| ) remains nontrivial for all AjS within the range: < Ai < A2 < ■ ■ ■ < 
Am < N — m — 1. So, for all possible values of AjS within the above mentioned range, 
eqn.( [4.22D yields the energy eigenvalues of HS like spin chain with nonstandard YIqIm) 



Yangian symmetry. Thus, we arrive at the interesting result that the spectrum of HS 
like spin chain with nonstandard Y^qIm) Yangian symmetry is same for all values of M. 
Therefore, the motifs corresponding to HS like spin chain with nonstandard Y{gl^f) Yan- 
gian symmetry can also be constructed in exactly same way as they are constructed for 
spin chain with nonstandard Y{gl2) symmetry. However, for M > 2 case, the number of 
degenerate eigenfunctions associated with a motif or corresponding HW state could be 
much higher than that of the simplest M = 2 case. 

Finally, we wish to establish a relation between some HS like spin chains belonging 
to class ( |1.7| ) and SU{K\M — K) supersymmetric HS models [18]. For defining this 
SU{K\M — K) supersymmetric HS model, one uses creation (annihilation) operators 
like C/q, {Cia) which creates (annihilates) a particle of species a on the i-th site. Such 
creation (annihilation) operator would be bosonic if a G [1,2, and fermionic if 

a G [if + 1, -ft" + 2, ■ ■ ■ , M]. Moreover, only those states in the related Fock space are 
allowed for which the total number of particles per site is always one: 

M 

^ ClC.^ = 1, (5.16) 

a=l 
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for all i. With the help of above mentioned creation and annihilation operators, it is 
possible to obtain a realisation of permutation algebra (|1.3| ) as 

M 

Pij = ^ Cj^CjpCii^Cja . (5-17) 

a,/3=l 

The Hamiltonian of SU{K\M — K) HS model [18] is obtained by simply substituting Pij 
( |5.17|) to the place of Pij in eqn.( |LTD : 



HiK\M-K) ^ E 2^^ -Ah- A- (5.18) 

It is well known that at the special case K = M, i.e. when all degrees of freedom 
are bosonic, the Hamiltonian (|5.18|) becomes equivalent with the SU(M) HS spin chain 
( |1.1|) . At present, our goal is to find out the spin chain Hamiltonian which would be- 
come equivalent to the supersymmetric Hamiltonian ( |5.18| ) for any possible value of K. 



To this end we notice that, due to the constraint ( |5.16| ), the Hilbert space associated 



with Hamiltonian ( [5. 181 ) can be spanned through the following orthonormal basis vectors: 
CLiC'2a2 ■ ■ ■ ^NaM \^) ^ wherc |0) is the ground state and G [1, 2, ■ ■ ■ , M]. So, it is possi- 
ble to define a one-to-one mapping between the state vectors of above mentioned Hilbert 
space and those of the Hilbert space associated with HS like spin chain ([L7| ) as 



|«1«2---«7V) ^ Cl,Cl,---CNaJO)- (5.19) 



Now, by using eqns. (|1.4| ) and (|5.17|) , it can be shown that the relation given by 

{a[a2 ■■■a'^\ Pij \a1a2 ■ ■■aN) = (0| CAra^C^_i,„^_^ ■ ■ ■ Cia'^ ■ Pij ■ ClaiC2a2 ■ ■ ■C'lraAT |0) , 

(5.20) 

would be satisfied for all \a1a2 ■ ■ -OAf) and |a'ia2 ' ' '(^'n)^ provided we fix the values of 
continuous and discrete parameters appearing in the phase factor ( |1.5| ) as: (paa = 4'af3 = 
if a, P G [i^' + 1, i^' + 2, ■ ■ ■ , M] and (paa = (pai3 = for all other values of a and p. 
Thus we interestingly observe that, for the above mentioned choice of continuous as well 
as discrete parameters, the HS like spin chain ( |1.7|) becomes exactly equivalent to the 
supersymmetric HS model ( ^.18| ). Consequently, these two models would share the same 



spectrum and the energy eigenfunctions for these two models would also be related through 
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the mapping (|5.19| ). In particular, it may be checked that the SU{1\1) supersymmetric 
HS model becomes equivalent to the HS like spin-| chain which we have considered 
in this section. Therefore, the known spectrum and eigenf unctions [18] for this SU{1\1) 
supersymmetric HS model can easily be reproduced from the spectrum and eigenfunctions 
of HS like spin-| chain with nonstandard Y{gl2) symmetry. It is also worth observing 
that, for any value of i^' G [1, 2, ■ ■ ■ , M — 1], the SU{K\M — K) supersymmetric HS 
model becomes equivalent to a HS like spin chain obeying nonstandard Y{glM) Yangian 
symmetry. So, a class of exact eigenfunctions for such SU{K\M — K) supersymmetric 
HS model can easily be constructed by using the polynomial eigenfunctions ( [5.15| ) and 
mapping ( |5.19D . Moreover, the spectrum of this SU {K\M — K) supersymmetric HS model 
would again be given by eqn.( |4.2^ ), when AjS take all possible values within the range: 
< Ai < Aa < • ■ ■ < < - m - 1. 



6 Concluding Remarks 

Here we construct a class of integrable Haldane-Shastry (HS) like spin chains possessing 
extended (i.e., multi-parameter deformed or nonstandard) Y{glM) Yangian symmetries. 
The nonlocal interactions of these spin chains are interestingly expressed through some 
'anyon like' representations of permutation algebra, which pick up nontrivial phase factors 
while exchanging the spins of two lattice sites. Furthermore, the above mentioned phase 
factors depend on M(M — 1)/2 number of continuously variable antisymmetric parameters 
{(p-ya) and M number of discrete parameters {(paa) which can be freely chosen as 1 or — 1. 
We establish the integrability of these HS like spin chains, by finding out the associated 
Lax equations and conserved quantities. However, it turns out that such spin models 
also possess a few additional conserved quantities which are not apparently derivable 
from the Lax equations. These additional conserved quantities play a significant role in 
constructing the symmetry algebra of HS like spin chains through the quantum Yang- 
Baxter equation. It is found that, depending on the choice of related discrete parameters 
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{(pcrcr), such a spin chain would respect either a multi-parameter deformed or a nonstandard 
variant of Y{glM) Yangian symmetry. 

Next we investigate whether these HS like spin chains can also be solved exactly in 
analogy with their standard counterpart. It is well known that, by antisymmetrising the 
eigenstates of Dunkl operators associated with spin Calogero-Sutherland model, one can 
construct a class of exact eigenfunctions for the SU{M) HS spin chain [11]. By following 
a similar approach and projecting the eigenstates of Dunkl operators through some 'gen- 
eralised' antisymmetric projectors, we are able to derive a class of exact eigenfunctions 
( [4.26| ) and eigenvalues ( ^4.22| ) for HS like Hamiltonian ( |1.7| ) when it contains (M — 1) 
number of free discrete parameters and (M — 1)(M — 2)/2 number of free continuous pa- 
rameters (other parameters are fixed due to eqn.( ^.5| )). Subsequently, we conjecture that 
the exact eigenfunctions ( [4.26| ) would lead to all highest weight (HW) states of extended 
YIqIm) algebra, which appear in the reducible Hilbert spaces of HS like spin chain. By 
using this conjecture, it is curiously found that the spectrum of a HS like spin chain is 
completely determined through the choice of related discrete parameters only. However, 
the corresponding eigenfunctions generally depend on both discrete as well as continu- 
ous parameters. So, the spectrum of a HS like spin chain, possessing multi-parameter 
deformed Y^gl^) Yangian symmetry, would coincide with the spectrum of usual SU{M) 
HS spin chain. On the other hand, the spectrum of a HS like spin chain with nonstandard 
Y^qIm) symmetry would differ significantly from the spectrum of SU{M) HS spin chain. 
To illustrate this point through a particular example, we derive the full spectrum and 
complete set of eigenfunctions for a HS like spin-| chain having nonstandard Y{gl2) Yan- 
gian symmetry. It turns out that some additional energy levels, which are forbidden due 
to a selection rule in the case of SU (2) HS model, interestingly appear in the spectrum 
of the above mentioned HS like spin chain. 

We also find out a remarkable equivalence relation between some HS like spin chains 
with nonstandard Y{glM) symmetry and supersymmetric SU{K\M — K) HS models. 
This relation enables us to derive the full spectrum and a class of exact eigenfunctions 
for supersymmetric HS models. In particular, the equivalence between HS like spin-| 
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chain with nonstandard Y{gl2) Yangian symmetry and SU HS model leads to an 
elegant way of constructing the spectrum and eigenfunctions for the latter case. We may 
hope that, the equivalence between HS like spin chains with nonstandard Y^qIm) Yangian 
symmetry and supersymmetric HS models would also help to uncover a deep connection 
between nonstandard and supersymmetric Yangian algebras. In fact it is already known 
that, by applying the general algebraic principle of 'transmutation' [36], it is possible 
to establish a connection between a nonstandard version of Uqgl(2) quantum group and 
supersymmetric Uqgl{l\l) quantum group [37]. So it is natural to expect that a similar 
connection might be established between some nonstandard variants of Y{glM) Yangian 
algebra and supersymmetric Y{glK\M-K) Yangian algebra. The representations of these 
two type of Yangian algebras may also be linked to each other and may further be used for 
classifying the degenerate multiplates of corresponding spin chains. Moreover, it might 
be interesting to investigate various dynamical correlation functions and thermodynamic 
quantities of such HS like spin chains in connection with fractional statistics. Finally, we 
hope that it would be possible to find out many other quantum integrable spin chains 
and dynamical models, which would exhibit the extended Y[glM) Yangian symmetries. 
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